We give an improvement and a reversion of the well-known Ky-Fan inequality as well as some related results.
Introduction and preliminaries
Let x 1 , x 2 , . . . , x n and p 1 , p 2 , . . . , p n be real numbers such that x i ∈ 0, 1/2 , p i > 0 with P n n i 1 p i . Let G n and A n be the weighted geometric mean and arithmetic mean, respectively, defined by G n n i 1 x p i i 1/P n , and A n 1/P n n i 1 p i x i x. In particular, consider the abovementioned means G n n i 1 1 − x i p i 1/P n , and A n 1/P n n i 1 p i 1 − x i . Then the wellknown Ky-Fan inequality is
It is well known that Ky-Fan inequality can be obtained from the Levinson inequality 1 , see also 2, page 71 .
In 3 , the second author proved the following result. 
In this paper, we will give an improvement and reversion of Ky-Fan inequality as well as some related results.
Main results

Lemma 2.1. Define the function
ϕ s x ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ x s s s − 1 s − 2 , s / 0, 1, 2, 1 2 log x, s 0, −xlog x, s 1, 1 2 x 2 log x,s 2.
2.1
Then 
2.9
Since ξ s is a continuous and convex in Jensen sense, it is log convex. That is, ≤ G a n A n G n A a n ≤ exp 2ξ
2.11
Proof. Setting s 0, r −1, and t 3 in Theorem 1.2, we get ξ 
2.12
Again setting s 3, r 0, and t 4 in Theorem 1.2, we get ξ 4 .
2.13
Combining both inequalities 2.12 , 2.13 , we get 
